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The model of impedance subdiffusion based on the Cattaneo equation in fractional deriva-
tives in applications to multilayer nanostructures is considered. Nyquist diagrams with
changes of the parameter τ (time for which the flow is delayed with respect to the con-
centration gradient) and the subdiffusion coefficient Dα are calculated.
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The current stage of the development of physics of photoelectrode, electrode processes stimulates
theoretical investigations and mathematical modeling of reactionary-electrodiffusion processes in elec-
trolytic systems. The research of photocatalysis kinetics in semiconductor systems is important from
the point of deeper understanding the processes at accumulation of solar energy into electricity at solar
batteries. As one of the most important technological problems in modern accumulate batteries is pro-
longing the life and stability of electrodes (metallic, amorphous carbon, etc.) during their operation.
In this direction, the researches of electrochemical and impedance electrodiffusion transport processes
for lithium battery are carried out [1–9].
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Fig. 1. Nyquist diagrams constructed for the direction normal to the layers of an extended matrix of GaSe with
incapsulated β–СD in an amount of 6–(2), 10–(3) and 20–(4) mol% for 293 К in the dark (a), in the light (b),
and in magnetic field (c). (1) is the extended crystalline matrix. In the inset, the equivalent circuit diagram is
represented.
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In particular, in Refs. [10,11] there were obtained Nyquist diagrams constructed for the direction
normal to the layers of extended matrix of GaSe with incapsulated β–СD in an amount of 6–(2), 10–
(3), and 20–(20) mol% for 293К in the dark (а), in the light (b), and in magnetic field (c). Analyzing
constructed impedance locus (Fig. 1), one should pay attention to the fact that the Nyquist diagram
of gallium selenide unexpanded sample looks like a half-circle that reflects the capacitive response of
localized states. After the expansion (without β-cyclodextrin), it is transformed into three-arc form
(Fig. 1a), which indicates the formation of the energy relief for current carriers with three periods of
the relaxation and the explicit system of levels of adhesion, which cause the transition of midrange
interval to IV (“inductive”) quadrant of complex impedance plane. The transformation of the equivalent
electrical circuit from the parallel RC-interval to the form shown in the inset to Fig. 1a, corresponds to
this. Here a fixed element of the CPE phase, which the impedance in the complex plane is expressed
as follows [3]:

ZCPE = K−1(iω)−γ , (1)

where K is the coefficient of proportionality, γ is the exponent of power that indicates the phase
deviation, it reflects the capacitance distribution for each relaxation process. After the introduction
of β-cyclodextrin, the frequency genesis of Nyquist diagram is complicated significantly displaying the
energy barriers for current rate through layers of β-cyclodextrin and interface of matrix || cavitand
content. The data of investigations testify the peculiarity of fractalled guest system. Thus, on the
basis of the practical purpose (use for high-Q capacitors of radio frequency ranges), for analysis of data
there were taken into account the data, which correspond to the value of the tangent δ of the angle of
electrical losses being less than unity. The frequency interval (1÷106 Hz) corresponds to this condition.
Uppermost, we should note that the first introduction of β-СD changes the frequency dispersion tg δ of
extended matrix, while the increase in the organic content up to 10 mol.% causes its reduction along the
investigated ω-axis. The β-cyclodextrin amount of 20 mol.% reverses this change probably due to the
growth of the concentration of current carriers. Dielectric permittivity along the crystallographic axis
is changed the most significantly after reaching β-cyclodextrin content of 10 mol.%. In this case, in the
range of the high-frequency ε(ω) the growth of dielectric permittivity with the increase in frequency
assumes an expressive oscillation nature demonstrating anomalous frequency dispersion. It can be
caused by the emergence of additional polarization in jumped charge transfer along localized states
near the Fermi level. Frequency impedance behavior (1) and dielectric permittivity [10,11] point to a
complex nonlinear, oscillation nature of charge transfer processes in such a system. The behavior (1)
testifies the impedance processes anomality. Their research is topical both from the experimental and
theoretical point of view. Subdiffusion is reffered to anomalies phenomena in electrolytic process.

For the mathematical modeling of these processes we have applied the Riemann-Liouville equation
of subdiffusion with fractional derivative with respect to time. In general, subdiffusion processes occur
in systems where the movement of particles is complicated significantly by the internal structure of
the medium, such as a porous medium, helium, amorphous semiconductors, etc. [12–25]. Subdiffusion
is characterized by the dependence of the particle displacement mean square on time:

〈∆x2〉 = 2Dαt
α/Γ(1 + α),

where Dα is the subdiffusion coefficient measured in m2/cα units and α is the subdiffusion parameter
with the values in the range 0 < α < 1. For α = 1, we have the usual diffusion. Subdiffusion impedance
theoretical analysis was presented in Ref. [2] using Riemann-Liouville equations of subdiffusion with
fractional derivative with respect to time. In Ref. [23] to describe the subdiffusion processes, the
Cattaneo equation [12] was suggested:

τ
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where the parameters Dα and τ (period, for which the current is delayed relatively to the concentration
gradient c(x, t)) are considered as independent from each other. On the basis of the equation (2), we
shall investigate the frequency dependence of the Z(iω)nanostructured system impedance, which is
determined from the correlation:

Z(iω) = RW
ĉ(0, iω)

ĵ(0, iω)
,

where RW is the Warburg resistance, ĵ(0, iω) is the flow of charge, ω is the frequency. Further we
assume that the process of charge transfer in the system is described by the generalized Cattaneo equa-
tion (2) with the following initial boundary conditions (on the boundary L): c(x, 0) = ∂

∂t
c(x, t)|t=0 = 0,

ajj(L, t+ τ) + bLc(L, t) = 0 [23]. On the basis of the solutions of the Cattaneo equation, we have cal-
culated Nyquist diagrams with variation in the frequency in the range ω ∈ (10−1, 105), with RW = 1,
L = 1, the results of which are presented in Fig. 2–7.

Fig. 2. Nyquist diagram for τ = 0. Fig. 3. Nyquist diagram for τ = 0.1.

Fig. 4. Nyquist diagram for τ = 0.5. Fig. 5. Nyquist diagram for τ = 1.0.

In Figs. 2–5 the results of the investigations of the frequency dependence of the impedance for the
given values of the parameter τ with the change of subdiffusion coefficient of the diffusion are shown.
When τ = 0, we have a standard Nyquist diagram, in which with the increase of values of time for
which the flow is delayed with respect to the concentration gradient, the nature of the Nyquist diagram
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Fig. 6. Nyquist diagram for Dα = 0, 5 . Fig. 7. Nyquist diagram for для Dα = 1.

with the change of the diffusion coefficient changes significantly and assumes an oscillation character.
Obviously, both changes of the diffusion coefficient and a flow depend on the mechanisms of electron
transfer, changes of the system structure, the influence of a magnetic or electromagnetic field in a
certain direction. Figs. 6 and 7 represent Nyquist diagrams when the values of the diffusion coefficients
are fixed but the time for which the flow is delayed with respect to the concentration gradient changes.
As we can see, when τ = 0 and small τ = 0, 01 we have Warburg resistance, at τ = 0, 09 and τ = 0, 1
the behaviour of the frequency dependence of the impedance is drastically changed and further at
τ = 0, 5 and τ = 1 it assumes an oscillation character. In Ref. [23] it was shown that the parameter
τ influences the process of transferring less (difficulties in movement of charges increase) when α is
small.

Thus, we have considered the model of subdiffusion impedance based on the Cattaneo equation in
fractional derivatives in applications to multilayer nanostructures. The calculated Nyquist diagrams
with change of the parameter τ and Dα testify to the complicated transport processes that occur in
the system and which are characteristic for the experimental data in Fig. 1. For the interpretation
of such behavior of the parameters τ and Dα their influence on the impedance dependences, the
development of microscopic theory of transfer processes, which would take into account the nature
of the interaction between electrons in multilayer nanostructures under the action of external fields
(magnetic, electromagnetic), is necessary.

[1] The Electrochemical Impedance / Z. Stoynov, et al. Moscow, Science, 1991. (in Russian)

[2] Bisquert J., Compte A. Theory of the electrochemical impedance of anomalous diffusion. J. Electroanalyt-
ical Chem. 499, 112–120 (2001).

[3] Impedance spectroscopy. Theory, experiment and application / Eds.: E. Barsoukov, J. R. Macdonald.
Canada: Wiley interscience, 2005.

[4] Grygorchak I., Ponedilok G. Impedance Spectroscopy. Lviv. Lviv Polytechnic National University, 2011.
(in Ukrainian)

[5] Bertoluzzi L., Boix P. P., Mora-Sero I., Bisquert J. Theory of Impedance Spectroscopy of Ambipolar Solar
Cells with Trap Mediated Recombination. J. Phys. Chem. C. 118, 16574–16580 (2014).

[6] Bisquert J., Bertoluzzi L., Carcia-Belmonte G., Mora-Sero I. Theory of Impedance and Capacitance Spec-
troscopy of Solar Cells with Dielectric Relaxation, Drift-Diffusion Transport and Recombination. J. Phys.
Chem. C. 118, 18983–18991 (2014).

Mathematical Modeling and Computing, Vol. 2, No. 2, pp. 154–159 (2015)



158 Kostrobij P. P., Grygorchak I. I., Ivaschyshyn F.O., MarkovychB.M., ViznovychO.V., Tokarchuk M.V.

[7] Bertoluzzi L., Lopez Varo P., Tejada J. A. J., Bisquert J. Charge transfer processes at the semiconduc-
tor/electrolyte interface for solar fuels production: insight from impedance spectroscopy. J. Mater. Chem.
A. (2015), (in press).

[8] Umeda M., Dokko K., at all. Electrochemical impendance study of Li-ion insertion into mesocarbon mi-
crobead single particle electrode (Part 1. Graphitized carbon). Electrochim. 47, 885–890 (2001).

[9] Hjeim A-K. Lindbergh G. Experimental and theoretical analysis of LiMn2O4 cathodes for use in recharge-
able lithium batteries by electrochemical impendance spectroscopy (EIS). Electrochim. Acta. 47, 1747–
1759 (2002).

[10] Bishchaniuk T. M., Grygorchak I. I., Ivashchyshyn F. O. Multilayer Semiconductor clathrates-cfvitand com-
plex with a fractal quest system. Phys. Suf. Eng. 12, n.3, 360–371 (2014).

[11] Report on the R and D project “The physical processes and their mathematical modeling in nanohybrided
structures of sensory and energy accumulative devices” (R and D project supervised by Kostrobij P.), Lviv
Polytechnic National University, Lviv, 2014. (in Ukrainian)

[12] Compter A.,and Metzler R. The generalized Cattaneo equation for the description of anomalous transport
processes. J. Phys. A: Math. Gen. 30, 7277–7289 (1997).

[13] Sahimi M. Non-linear and non-local transport procesess in heterogeneous media: from long-range correlated
percolation to fracture and materials breakdawn. Phys. Rep. 306, n.4, 213–395 (1998).

[14] Metzler R., and Klafter J. The random walk’s quide to anomalous diffusion: a fractional dynamics approach.
Phys. Rep. 339, 1–77 (2000).

[15] Metzler R., and Klafter J. The restaurant at the end of the random walk: recent developments in the
description of anomalous transport by fractional dynamics. J. Phys. A: Math. Gen. 37, R161–R208
(2004).

[16] Bisquert J. Fractional Diffusion in the Multiple-Trapping Regime and Revision of the Equivalence with the
Continuos-Time Random Walk. Phys. Rev. Lett. 91, n.1, 010602(1–4) (2003).

[17] Bisquert J. Interpretation of a fractional diffusion equation with nonconserved probability density in terms
of experimental systems with trapping or recombination. Phys. Rev. E. 72, 011109(1–6) (2005).

[18] Kosztoiowicz T., Dworecki K., and Mrowczynski S. How to Measure Subdiffusion Parameters. Phys. Rev.
Lett. 94, 170602(1–4) (2005).

[19] Kosztoiowicz T., Dworecki K., and Mrowczynski S. Measuring subdiffusion parameters. Phys. Rev. E. 71,
041105 (2005).

[20] Korosak D., Cvikl B., Kramer J, Jecl R., Prapotnik A. Fractional calculus applied to the analysis of spectral
electrical conductivity of clay-water system. J. Contain. Hydrol. 92, 1–9 (2007).

[21] Uchaikin V. The Method of Fractional Derivatives. Ulyanovsk, “Artichoke”, 2008. (in Russian)

[22] Shibatov R., Uchaikin V. Fractional Differential Approach to Dispersive Transfer in Semiconductors. Usp.
fiz. nauk. 179, n.10, 1079–1109 (2009). (in Russian)

[23] Kosztolowicz T., Lewandowska K. D. Hyperbolic subdiffusion impedanse. J. Phys. A: Math. Theor. 42,
055004(1–14) (2009).

[24] KantR., Kumar R., and Yadav V. K. Theory of Anomalous Diffusion Impedance of Realistic Fractal Elec-
trode. J. Phys. Chem. C. 112, 4019-4023 (2008).

[25] Rekhviashvili S., Mamchuyev M. Model of Drift-Diffusion Transport of Charge Carriers in the Layers of
Fractal Structure. Physics of Solid Body. 58, n.4, 763–766 (2016). (in Russian)

Mathematical Modeling and Computing, Vol. 2, No. 2, pp. 154–159 (2015)



Mathematical modeling of subdiffusion impedance in multilayer nanostructures 159
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Розглянуто модель субдифузiйного iмпедансу на основi рiвняння Кеттано у дробо-
вих похiдних у застосуваннi до мультишарових наноструктур. Розраховано дiаграми
Найквiста iз змiною параметрiв τ (час, на який потiк затримується вiдносно градiєнта
концентрацiї) та субдифузiйного коефiцiєнта Dα.
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